A simple mathematical model has been proposed for combustion of solid fuel deposited over an inert porous medium. The thermal nonequilibrium between the porous medium and gas is incorporated in the model considering two energy equations with different density, thermal conductivity and specific heat capacity for the porous medium and gas. A simple parameter "deposition of fuel" is newly introduced instead of fuel mass fraction to simplify the model. We employ large activation energy asymptotic to investigate the moving speed of the burning front of solid fuel for opposed flow combustion where the burning front (defined as the location of heterogeneous combustion takes place) propagates opposite to the direction of oxidizer (gas) flow velocity. During the analysis we consider all transport terms in the energy equations which have not been accomplished so far for heterogeneous combustion in an inert porous medium. We have successfully obtained an implicit analytical expression of the moving speed of the burning front including the other pertinent parameters such as deposition of solid fuel, porosity of the porous medium, thermal conductivity of the porous medium, gas flow velocity and the heat exchange coefficient between the porous medium and gas. The effects of variation of these parameters are discussed in terms of the moving speed of the burning front. Analytical solutions are found to be satisfactory in certain range of parameters based on the comparison with numerical solution provided by us. Additionally, the validity of the analytical result is also convinced by the past work done by Fatehi and Kaviany [3].
Introduction
Moving of a burning front in porous medium has received much attention of many researchers working in the field of combustion and the environment owing to its numerous industrial applications such as: destruction of volatile organic compounds (VOC) in air, infrared burners and heater development [1] , grounds polluted by toxic organic shedding recuperation, hydrogen production, diesel engine and pollution control [2] , in situ combustion for the recovery of oil, coal gasification, catalytic combustion, high temperature material synthesis known as self-propagating high temperature synthesis (SHS), incineration of solid waste, biomass combustion, smoldering combustion and sintering process [3, 4] . We observe that in some processes combustion occurs with the active participation of the combustible porous medium, while in some cases combustion happens considering the same temperature of the phases or, use numerical computations to present their final results. On the other hand, numerous computational studies [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] have been published to understand the regeneration process of diesel particulate filters. Even though the models are sophisticated with many degrees of freedom but they require detailed input data such as exhaust gas velocity profiles or complex reaction kinetics. It should be noted that Pointikakis and Stamatelos [32] have mentioned in their paper that if we take out the chemical reactions submodel and consider the basic assumptions then the majority of the models in use today could be considered as extension of [23, 24] . Since the regeneration of porous diesel particulate filter is important in technological point of view, the authors [27] [28] [29] [30] [31] [32] [33] investigate the oxidation of the deposit mass (or, deposit layer thickness) with respect to the time or axial distance to understand the regeneration process in detail.
Although the problems considered here can be classified in application and context, they have a common feature that the reaction involves a stationary fuel reactant. The fuel may pre-exist as part of a solid matrix or, may deposit on the porous medium or, as in the case of in situ combustion, may be created in an inert porous medium by processes preceding the combustion region, such as vaporization and low temperature oxidation.
Generally, the mathematical models in heterogeneous combustion which are studied analytically use one-temperature model or the two-temperature model considering large heat transfer rate. The one-temperature model is appropriate when the time of contact between the gas and solid is sufficiently large for equilibration to occur. When the gas flow velocity is increased, the contact time between the phases is small resulting in the thermal nonequilibrium between the phases which must be taken into consideration into the mathematical model. Although this thermal nonequilibrium between the phases can affect the moving speed of the burning front of solid fuel, the previous authors didn't pay much attention about this issue. The effects of thermal conductivity of the porous medium and heat exchange coefficient on the combustion wave propagation velocity are investigated only by [19, 20] . Also they observe that the propagation of the combustion wave in a porous solid which reacts with oxidizer flowing through its pores significantly enhances by increasing the infiltrating gas flux through the hot gas product region, but they didn't investigate the effect of porosity of the porous medium. In addition to, the effect of the amount of fuel on the moving speed of the burning front has not been investigated in these works. In this study, (i) a one-dimensional model for combustion of solid fuel deposited over an inert porous medium has been proposed; (ii) we consider two energy equations with different density, thermal conductivity and specific heat capacity for the porous medium and gas; (iii) we assume that there is thermal nonequilibrium between the porous medium and gas; (iv) we introduce a simple parameter "deposition of fuel" instead of fuel mass fraction to simplify the model; (v) we analytically solve the system of equations and during the analysis we didn't neglect any of the transport terms from the energy equations which has not been accomplished yet in the literature of heterogeneous combustion in an inert porous medium. The aim of this study is to investigate the moving speed of the burning front of solid fuel in terms of the pertinent parameters such as gas flow velocity, porosity of the porous medium, thermal conductivity of the porous medium, deposition of solid fuel and heat exchange coefficient between the porous medium and gas. Also numerical simulation has been performed to examine the accuracy of the analysis for variation of each of the parameters. We determine the reasonable range of each of the parameters by the sensitivity of the asymptotic analysis as well as comparing with the numerical solution in each figure.
Mathematical Formulation
Before going to the model formulation, we first describe the general approach to modeling this system. Combustion of solid fuel deposited over an inert porous medium involves heterogeneous combustion in which gas flows through the porous medium. Since the gas flow velocity is sufficiently larger than the variations of the transport properties, we can neglect all variations perpendicular to the gas flow velocity. In this study, we assume that the deposited fuel layer is thin enough so that the temperature gradient across the fuel is neglected. Then the resulting phenomena can be treated essentially a one-dimensional and the axial distance is measured by x in the direction of gas flow velocity. The physical configuration of the model is illustrated in Figure 1 . We have considered an infinitely long flat porous medium over which solid fuels of diameter of the scale of nanometer to micrometer are attached. We take the infinitely long sample for the combustion wave to be completely contained within the sample so that we can get a steady-state solution. Oxidizer is flowing from left to right through the porous medium and adjacent to the surface of fuel. The rate of oxygen diffusion to the surface of fuel is high so that the difference between the concentration of the oxygen at the gas/solid interface and the gas within the porous medium is small. The burning front propagates from the right to left in the direction of fresh fuel and opposite to the direction of gas flow velocity which is referred to as opposed flow combustion. The temperatures of the porous medium and fuel are presumed to be equal along the x direction. The pressure along the porous medium is considered to be constant. We assume that the system is adiabatic so that the heat loss from the system to the external atmosphere arising only in near proximity to cold sides is taken to be negligible. A two-temperature model is employed where thermal nonequilibrium between the porous medium and gas is allowed to occur within the burning front. For simplicity reasons, we consider that fuel is converted (oxidized) directly to the gaseous product following a single-step exothermic heterogeneous reaction:
where n is the mass of oxygen per mass of fuel ratio (stoichiometric).
To formulate the present phenomena, we introduce a new constant parameter, φ, termed as deposition of fuel. It is defined by φ = V f /V V in which V V (= V f + V g ), V f and V g are respectively the volume of voids, volume of fuel and volume of gas. This is although taken to be constant but informative. As a result the species equation of fuel is circumvented from the model and yields a simplified model. Furthermore, we assume that (i) the volumetric effective conductivities of porous medium [(1−ε)λ m ] and that for the gas [ε(1−φ)λ g ] are constant, where ε (= V V /V) is the porosity of the porous medium and V is the total volume of the porous medium, λ m and λ g are the thermal conductivities of the porous medium and gas; (ii) the specific heat capacities for the gas, c g and porous medium, c m are constants; and (iii) the effective mass diffusivity of gas [ε(1−φ)D] remains constant, where D denotes the mass diffusivity of gas. [3, 34] , the volume-averaged energy equations for porous medium and gas, and species equation for gas (dropping the volume-averaging notation for simplicity) can be written as
Here T m , ρ m and T g , ρ g are the temperature and density of porous medium and gas, respectively, Y is the oxidizer mass fraction, u g is the velocity at which the gas is flowing into the reaction zone where a heterogeneous exothermic reaction occurs between fuel and gas, Q is the fuel mass based heat of reaction and h is the volumetric heat exchange coefficient from the porous medium to gas.
The surface (i.e., heterogeneous) reaction rate, W, is given by the Arrhenius law
where A is a pre-exponential factor, taken to be constant, R is the universal gas constant, and E is the activation energy.
The boundary conditions to be satisfied by equations (1)- (3) are
In this study, the volumetric heat exchange coefficient, h, [3] is expressed by ( )
where Nu is the interstitial Nusselt number based on the porosity, the pore diameter and gas properties. In equation (6), we use the specific interfacial gas/solid surface area of a porous medium 
Here, the Prandtl and Reynolds numbers are defined as Pr = ν g /κ and Re = εu g d/ν g , respectively, and ν g and κ are respectively the kinematic viscosity and the thermal diffusivity of the gas.
In this study the primary quantity of interest is to find the steady moving speed of the burning front u s . Taking into account u s as a characteristic speed; it is convenient to render the problem in dimensionless form by introducing the following group of dimensionless variables [36, 37] :
We also introduce the nondimensional parameters
where β is the Zel'dovich number, α is the dimensionless heat of combustion, γ is the dimensionless heat release, K is the heat transfer parameter, Le is a Lewis number which is assumed to be unity and Λ is the burning rate eigenvalue, the determination of which will yield the dimensional moving speed of the burning front, u s , according to its definition.
Finally we introduce a moving coordinate X = ζ + τ attached to the flame front. In this coordinate system, the steadily moving speed of the burning front is time-independent. Thus, the conservation equations take the form
The associated boundary conditions become
In the following, we will discuss the asymptotic analysis to solve the system of steady equations (10)-(12) subject to the boundary conditions (13).
Asymptotic Analysis

Outer Solutions
We assume that the nondimensional activation energy, β, appeared in the reaction-rate expression is very large. This results the reaction rate to be concentrated to a thin O(β . In the preheat region X < 0, the source terms in the conservation equations are exponentially small and in the burned region X > 0, the reaction rate ceases to increase (we assume that oxidizer is completely consumed at the burning front, that is, at X = 0). So we can neglect the source terms in these regions and hence the equations to be solved are
1 , 1
with the boundary conditions : 0 , 1 , : 0 , 0 .
Now since activation energy is very large, the flame temperature will be very high. As a consequence, we assume that oxidizer is fully consumed at the burning front (i.e., y = 0 at X = 0) suggesting that the system is controlled by the oxidizer, then the solutions of (16) 
A relation between the temperatures of the porous medium, S, and gas, θ, can be found by combining equations (14) and (15) and upon integration gives
where
Here, we assume that S(+∞) = θ(+∞) = C, and C is to be determined later.
Differentiating (15) with respect to X and then applying (15) and (19) , we obtain ( ) (
To find the solutions of (21), we need to find the solutions of the corresponding characteristic polynomial:
Considering the appropriate values of the parameters, it can be shown that equation (22) must have one negative root, m 1 and two positive roots, m 2 and m 3 , to define the finite solutions of the equation (21) .
Once equation (21) is solved, the temperature of the porous medium, S, is determined from the equation (15) . Then the temperatures of the porous medium and gas are given by 
The constants a 1 , a 2 and a 3 are found later.
Reaction-zone Problem
Since the reaction zone becomes very thin owing to high activation energy, we now introduce a stretched inner variable η = βX to measure the jumps of temperature and oxygen across the flame front. Inner solutions for the dependent variables are sought as expansions of the form [38, 39] : 
( )
Substituting equations (28)- (31) into the conservation equations (10)- (12) and taking the limit β → ∞, the leading order reaction zone problem is obtained as
From the equations (32) and (34), we get ( ) ( )
Integrating the equation (35) and using the matching conditions between the inner and outer solutions give the energy balance
Similarly, the jump relation obtained from (33) and matching conditions at the burning front (i.e., at X = 0) gives the following three constraints:
The unknown constants a 1 , a 2 , a 3 and C are found from (36) and (37) .
Moreover, integrating the equation (35) twice and matching yields ( ) ( )
Upon substitution of equation (38) into (32), we get
Following [40, 41] and doing some tedious analysis, it is found from the solution of (39) that the moving speed of the burning front is implicitly related to the other parameters by the expression 
in which ( ) ( ) 
Having obtained the maximum temperature of the porous medium s f * , we can readily determine the moving speed of the burning front, u s , from (40) . The value of χ used in (40) can also be found as follows [42] : 
Numerical Method
A computational procedure is performed to compare the results obtained by the asymptotic analysis. The unsteady set of equations is discretized using the implicit finite difference formula in which we use first-order backward difference for time-derivative terms, forward-difference for the convection terms and central-difference for diffusion terms and thus obtain a system of tri-diagonal algebraic equations. We then solve this system employing Thomas Algorithm.
To simulate the initiation of a combustion reaction, we set a high-temperature profile in the porous medium and at the end of the computational domain so that the burning front propagates opposite to the direction of gas flow velocity. The burning front is assumed to be planar and propagates at a constant speed. The species and temperature distributions, as well as the moving speed of the burning front, are solved iteratively, prescribing a front speed for a set of constant properties. Here the moving speed of the burning front is determined following the method described in [3, 43] . We choose ∆ζ = 0.005 and ∆τ = 10 −5 , so that the solutions are grid independent.
Results and Discussion
Validation of the Asymptotic Analysis
The temperature and species profiles obtained by the asymptotic analysis and the numerical solution are shown in Figure 2 Table 1 . We can see that the asymptotic analysis gives an excellent agreement with the numerical solution. The moving speed of the burning front in numerical simulation is found u s = 0.11386 mm/s while in asymptotic analysis u s = 0.11763 mm/s. Since in the asymptotic analysis the final burned gas temperature is a function of u s , it deviates slightly from the numerical solution. It is note that λ m is chosen here very small. Below we will discuss in detail to find the acceptable range of the parameters in which the asymptotic analysis is found to be satisfactory. In addition to, the temperature profiles show that there exist thermal nonequilibrium between the porous medium and gas that persists in the pre-heat and post-flame regions.
x (mm) In Figure 3 , the moving speed of the burning front, u s , with the variation of the gas flow velocity, u g , is compared with Fatehi and Kaviany [3] . For the validation purpose, we use the parameters as in [3] except T ad = 1400 K, φ = 0.83. In [3] , adiabatic temperature is a function of the gas flow velocity while it is a constant in the present analysis. So we pick up a nearly intermediate value as an adiabatic temperature. In addition to, since the present model is different from [3] due to the factors φ and (1−φ) appearing in the governing equations, we assume that the deposition of fuel, φ, is 0.83 so that the present model apparently reduces to [3] . Nevertheless there are differences in the reaction and heat transfer terms of the models. If we observe the models of the present paper and [3] then it is seen that for a set of parameters and any value of the deposition of fuel heat production will be lower and heat exchange rate from the porous medium to gas will be higher in case of the present model than in [3] . Consequently, the moving speed of the burning front could be lower compared to [3] owing to the foregoing effects. It is thus evident that there must have discrepancy between the results obtained by the present model and Fatehi and Kaviany [3] . In spite of the differences between the models, we observe that there is a fairly good agreement between the asymptotic solution of the present study and Fatehi and Kaviany [3] . Also the asymptotic solution predicts well the numerical solution. Table 1 : Thermophysical properties used in the analysis and numerical computation c m (J/kg K) 1100 [31] c g (J/kg K) 1007 [44] λ g (W/m K) 0.026 [44] ρ m (kg/m 3 ) 1300 [31] ρ g (kg/m 3 ) 1.187 [44] Q (J/kg) 3.0×10 7 [31] A (kg/m 3 s) 1.2×10 11 [32] 
Sensitivity of the Asymptotic Analysis
First it should be mentioned that the analysis can predict accurately when the coefficients of the terms of the dimensionless governing equations l/(rbu), K/(1−ε), Kl/ε(1−φ) and lφ/(1−φ) be order of unity. Once we choose the values of the thermophysical properties for which any of the above mentioned coefficients is different from unity, then the results will be deviated from the actual value.
Here we vary the value of ε from 0.4 to 0.9, since the porosity of silicon carbide (SiC) foam can be in the range 70-90% while it is possible to produce the high strength Al 2 O 3 foam with porosity over 85% [46] . Also, Adler [47] mentioned that wall flow filters using fuel borne additive for regeneration consists of ceramics with an open pore volume of about 50%.
The absolute error between the numerical and asymptotic solution of the moving speed of the burning front ((u s ) Asy − (u s ) Num ) owing to the increase of the thermal conductivity of the porous medium is presented in Figure 4 . It shows that the absolute error monotonically increases with an increase of the thermal conductivity of the porous medium. It is evident that the absolute error increases, since the orders of the coefficients of the terms of the dimensionless governing equations become higher than unity. As the dimensionless parameter, l, is defined by the thermal conductivity, λ m , and it is with most of the coefficients of the terms of the governing equations, hence its value is very important for the orders of the coefficients. Now we can see from the curves (i) and (ii) for u g = 0.30 m/s and u g = 0.20 m/s, respectively, that the difference between the curves is comparatively small and almost constant when λ m < 0.5 W/(mK). Thus we can conclude that the asymptotic solution will give a good agreement with the numerical solution provided that the thermal conductivity of the porous medium is less than 0.5 W/(mK). Interestingly, for λ m = 0.5 W/(mK), the value of l = 19 which is nearly equal to β. Hence the asymptotic solution will predict well the numerical solution if l is less than or equal to the order of β. In the following section, λ m is taken as 0.4 W/(mK) for the reference only which turns l (≈ 15) into an order of β. So, for the figures presented below it is expected to have a good accuracy between the results obtained by the asymptotic analysis and numerical solution. The other physical properties and parameters are chosen from practical point of view and listed in Table 1 . Since the Reynolds number, Re, is defined by porosity, gas flow velocity and the pore diameter, we take the values of these parameters in such a way so that the value of Re maintains the restriction of equation (7). Figure 5 shows the moving speed of the burning front with the variation of the thermal conductivity of the porous medium. It is obvious that heat release due to the reaction is increased with the increase of gas flow velocity. On the other hand, it is clear from the Figure 5 that the peak of the increasing trend of the moving speed of the burning front moves to the higher thermal conductivity of the porous medium while gas flow velocity is increased. Since more heat is dissipated in the outer regions for higher thermal conductivity through conduction and it is exchanged to the gas, it favors the reaction rate up to a certain thermal conductivity of the porous medium when the gas velocity is fixed (i.e., heat release due to the reaction is fixed). For this reason, the moving speed of the burning front first increases then decreases as the thermal conductivity increases. This figure also validates the condition that the asymptotic solution gives a good agreement with the numerical solution when λ m < 0.5 W/(mK). The moving speed of the burning front as a function of porosity is presented in Figure 6 . It is evident from the figure that the moving speed of the burning front increases when the porosity of the porous medium is increased. This happens due to the fact that the specific surface area of the porous medium increases with the increase of porosity which favors the surface reaction. Moreover there is an excellent agreement between the numerical and asymptotic solution in the entire range of the porosity of the porous medium. Figure 7 exhibits the moving speed of the burning front in terms of fuel deposition, φ. When the deposition of fuel is increased, the moving speed of the burning front decreases. In case of higher deposition the burning front propagates by oxidizing more fuel particle in its movement but for lower deposition it propagates by oxidizing less fuel particle. For this reason, the moving speed of the burning front of fuel becomes lower for large deposition and becomes higher for small deposition. We can see that the asymptotic analysis gives a fairly good agreement with the numerical solution. The discrepancy between the solutions decreases with the increase of deposition of fuel. The effect of volumetric heat exchange coefficient, h, on the moving speed of the burning front is illustrated in Figure 8 . From the figure, it is clear that the moving speed of the burning front becomes lower for higher heat exchange rate. Because more heat is transferred to the gas for high heat exchange rate, consequently the flame temperature of the porous medium becomes lower and fuel burning rate is relatively less in the lower flame temperature. We observe that the asymptotic solution is found to be satisfactory with the numerical solution. Moreover, the difference between the maximum and downstream temperatures (s f -S(+∞)) (dash-dot line) obtained by the numerical simulation which measures the amount of thermal nonequilibrium between the phases is presented also in Figure 8 . This shows that the thermal nonequilibrium between the phases decreases with the increase of volumetric heat exchange rate. As a consequence, when the thermal nonequilibrium between the phases decreases the moving speed of the burning front also decreases. 
Comparison and Effects of Parameters on the Moving Speed of the Burning Front
Conclusions
A one-dimensional mathematical model has been proposed in response to the need for computational tools and academic interest. It can be used for the development of particulate matter trap design and in the engineering of the regeneration process, sintering process or in any kind of solid fuel combustion attached over an inert porous medium. A two-temperature model with two energy equations with different density, thermal conductivity and specific heat capacity for the porous medium and gas is employed to determine the effect of the thermal nonequilibrium between the porous medium and gas. We use a simple parameter "deposition of fuel" instead of fuel mass fraction to simplify the model. Without neglecting any of the transport terms of the model, we utilize large activation energy asymptotic to solve the problem. We examine the moving speed of the burning front in terms of porosity of the porous medium, thermal conductivity of the porous medium, deposition of solid fuel, gas flow velocity and volumetric heat exchange coefficient from the porous medium to gas. An increase of porosity of the porous medium, thermal conductivity of the porous medium and gas flow velocity cause to increase the moving speed of the burning front. But it decreases owing to the increase of deposition of solid fuel as well as the heat exchange coefficient. A numerical computation has also been performed to determine the sensitivity of the asymptotic analysis for variation of each of the parameters so that we can get a clear concept about the deviation of the asymptotic analysis from the numerical solution. We observe that the asymptotic solution gives a good agreement with the numerical solution when the ratio of the thermal conductivity of the porous medium to gas, l, is of order of β.
To this end, it should be mentioned that if we want to know the fuel distribution along the porous medium, the present phenomena have to be formulated by the set of four equations including the species equation of fuel. Once it is solved by asymptotic analysis, this will not provide much information except to give the profile of fuel mass fraction as like as the step function along the porous medium. This problem will be investigated in our future study.
